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ABSTRACT

We propose a novel simulation method for surface tension effects based on the Smoothed Particle Hydrodynamics framework,
capturing versatile tension effects using a unified interface energy description. Guided by the principle of energy minimization,

we compute the interface energy from multiple interfaces solely using the original kernel function estimation, which eliminates

the dependence on second-order derivative discretization. Subsequently, we incorporate an inertia term into the energy function

to strike a balance between tension effects and other forces. To simulate tension, we propose an energy diffusion-based method
for minimizing the objective energy function. The particles at the interface are iteratively shifted from high-energy regions to
low-energy regions through several iterations, thereby achieving global interface energy minimization. Furthermore, our approach
incorporates surface tension parameters as variable quantities within the energy framework, enabling automatic resolution of

tension spatial gradients without requiring explicit computation of interfacial gradients. Experimental results demonstrate that

our method effectively captures the wetting, capillary, and Marangoni effects, showcasing significant improvements in both the

accuracy and stability of tension simulation.

1 | Introduction

Surface tension exerts substantial influence on various fluid
phenomena in nature, particularly in the formation of lig-
uid droplets [1, 2], thin-film bubbles [3-5], and capillary phe-
nomenon [6, 7]. The interfacial dynamics between fluids and
solid surfaces also give rise to complex behaviors, including
hydrophilic and hydrophobic effects [6, 8]. These complex phys-
ical processes have attracted significant attention in the field of

computer graphics [9], prompting simulation studies aimed at
achieving increasingly refined and realistic visual effects.

At the microscale, surface tension fundamentally arises from
asymmetric molecular attraction forces at fluid interfaces. This
imbalance induces tangential stress fields that minimize inter-
facial area through contractile forces. However, resolving such
intermolecular potential gradients requires molecular-scale dis-
cretization, rendering direct molecular dynamics simulations

Abbreviations: CSF, continuum surface force; MPM, material point method; SPH, smoothed particle hydrodynamics.
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computationally prohibitive. To circumvent this limitation at
continuum scales, effective modeling has been achieved in
Smoothed Particle Hydrodynamics (SPH). The pairwise force
model was developed to simulate surface tension following the
microscopic principle [1, 2, 10, 11]. Nevertheless, compared
with true molecular interactions, these methods require carefully
tuned interaction functions to artificially enhance short-range
cohesion and suppress repulsive forces, thus reducing particle
clustering.

To enhance simulation fidelity, the continuum surface force
(CSF) model employs macroscopic principles of surface energy
minimization, calculating surface tension through local curva-
ture estimation to reduce interfacial area. However, the CSF
model faces challenges in accurately capturing curvature near
the free surface due to insufficient particle sampling, which
undermines both computational efficiency and numerical stabil-
ity. Furthermore, the CSF model exhibits intrinsic limitations in
capturing interface migration phenomena driven by surface ten-
sion spatial gradients, specifically the Marangoni effect. Tong and
Browne [12] introduced an interfacial gradient term V| in the
CSF formulation to expand the model. However, this approach
lacks thermodynamic consistency, and the numerical compu-
tation of the interfacial gradient also introduces non-negligible
€erTorS.

To overcome these limitations, we introduce a novel tension
model driven by interface energy, which formulates versatile
interfacial effects within a unified energy framework. Our model
addresses energy contributions at liquid-gas, liquid-liquid,
liquid-solid, and gas-solid interfaces, obtaining the interface
energy function for both fluid and solid particles. To eliminate
dependence on second-order derivatives, we employ an original
SPH kernel estimation formulation for interfacial area calcula-
tion, which is proposed by Probst and Teschner [7]. We combine
it with solid volume resampling to enhance area estimation accu-
racy in solid-involved interfaces.

Subsequently, we extended the energy function by introducing
an inertia term [13] and implement an energy diffusion-based
method to drive particles transition from high-energy regions to
low-energy regions, achieving minimization of the interface area,
which is consistent with the effect of tension. The energy mini-
mization of multiple interfaces enables the unified treatment of
phenomena such as high surface tension coefficients, wettability,
and capillary forces within a single framework.

Furthermore, we incorporate spatially varying tension coeffi-
cients into the derivation, allowing particles at the interface to
experience traction from neighboring interfacial particles with
higher tension coefficients. This allows spontaneous initiation of
the Marangoni effect without requiring explicit computation of
complex interfacial spatial gradients.

2 | Related Work

2.1 | Pairwise Force Models

Surface tension arises from unbalanced molecular interactions
at the microscopic level. Several studies approximate these

interactions macroscopically by introducing suitable attractive
and repulsive forces between adjacent particles [2, 9, 14, 15]. Most
of these methodologies suffer from particle clustering problems,
resulting in simulation artifacts and numerical instabilities. Yang
et al. [6] developed a cosine-based interaction force function to
mitigate particle clustering by generating repulsive effects when
particles are close to each other. Jeske et al. [11] developed an
implicit pairwise tension model, achieving stable simulations of
cohesion and adhesion.

2.2 | Continuum Surface Force Models

The CSF model operates through macroscopic tension effects,
applying curvature-dependent volumetric forces to fluids to facil-
itate surface area minimization. Brackbill et al. [16] constructed
smooth transition interfaces using color field functions in particle
methods to represent surfaces, facilitating precise normal vec-
tor estimation at material interfaces, which subsequently enables
curvature computation through gradient operations. Due to sat-
isfactory performance and accuracy, the CSF model has been
widely implemented in SPH-based methodologies. However, the
estimation of normals can easily generate noise inside the fluid,
and the presence of second-order derivatives makes the calcula-
tion highly sensitive to particle disorder [1, 17, 18]. To improve
numerical robustness, He et al. [19] developed an air phase sam-
pling approximation to address insufficient particle sampling on
free surfaces. Adami et al. [18] proposed a reproducing diver-
gence approximation to compute curvature and alleviate errors
caused by second-order estimation. Expanding the CSF model,
Tong and Browne [12] incorporated thermal capillary into the
CSF model and introduced an interfacial gradient term to handle
variable tension, achieving simulation of the Marangoni effect.

2.3 | Hybrid Models

Some studies attempted to combine the above two methods to
simultaneously obtain both advantages [1, 9]. In addition, var-
ious numerical methods have been developed to simulate sur-
face tension. Da et al. [20] proposed a mesh-based surface-only
fluid simulation framework capable of resolving microscale sur-
face tension phenomena with high fidelity. Wang et al. [3] uti-
lized co-dimensional particles to model fluid sheets and fila-
ments. Xing et al. [21] developed a method to simulate surface
tension effects by constructing local one-ring meshes around sur-
face particles and minimizing their areas. Energy-based method-
ologies have garnered increasing attention in recent years. Hyde
et al. [22] developed a variational formulation for Material Point
Method (MPM), subsequently extended by Chen et al. [23] to
incorporate thermal phase transitions. Compared with other
methods, the energy-based formulation enables the unified sim-
ulation of surface tension alongside other physical phenomena,
which can be incorporated by an energy framework [7, 24]. Probst
and Teschner [7] proposed a novel method for computing surface
energy within the SPH framework and simulated physically con-
sistent surface tension effects using an implicit formulation.

3 | SPH Fundamentals

Since our approach adopts a particle-based description, our
methodology is fundamentally grounded in the SPH framework.
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In SPH, the fluid is discretized into a series of particles that carry
physical properties. The physical quantity A; of a certain fluid
particle i at position x; is approximated through interpolation of
the corresponding physical quantities of other particles within a
certain spatial domain,

A= Ao —x ®
J

where the subscript j denotes a neighboring particle, V' denotes
volume, x denotes position. The kernel function W is a
Gaussian-like function, chosen to be a cubic spline as suggested
by Monaghan [25], and & denotes the support radius of W, which
is typically double the value of particle sampling distance d,,. For
the sake of brevity and readability, W (x; — x;, h) is replaced by
W,; in the following text.

For solids, we also employ a unified particle representation. Tak-
ing into account uneven sampling, we perform volumetric sam-
pling of solid particles referencing the resampling method pro-
posed by Akinci et al. [1]. The volume of a solid particle b, can be
approximated as:
V, = S — 2
"= 3w, ©)

J L)

where b; is a solid neighbor.

The volume of fluid particle i can be calculated as:

Vo

V= 3
L VW VW

where j is a fluid neighbor, b is a solid neighbor, and ¥ is the rest
volume of a fluid particle, as we assume that all fluid particles
have the same rest volume.

4 | Method

In this section, we propose a tension computation frame-
work based on energy minimization principles, which com-
prises an interface energy estimation method and an energy
diffusion-driven tension mechanism.

4.1 | Interface Energy Estimation

The interface energy E,, associated with the formation of the
interface is proportional to the interface area A, which can be
calculated as:

st

E,=0A, 4)

st
where o is the respective energy density or also called the tension
coefficient.

For the entire system, the interface energy not only exists on the
surface of the liquid but is also stored on the surface of the solid.
To capture the behavior of interfacial interaction between the lig-
uid and the solid, this part is indispensable. Therefore, the total
interface energy should be calculated as follows:

total __ L N
Es? * = Ext + Ext (5)

where Est denotes the interface energy on liquid surface, E;‘;
on solid surface. In most works, to simulate the cohesive effects
between liquids and the adhesive effects between liquids and
solids, the liquid - gas and solid-liquid interfaces are typically con-
sidered, while the solid-gas interface is typically neglected [23].
However, in order to achieve a unified description of all interfaces
and enable flexible parameter tuning, the solid-gas interface must
be explicitly incorporated. Furthermore, in multiphase flow sce-
narios, interfaces also exist between distinct liquid phases, neces-
sitating the contributions of the liquid-liquid interface. At this
stage, the total interface energy that encompasses all interfaces
can be expressed as:

EL = 6"0AL0 4 oM ALY 4 615 ALS (6a)
S _ _SG 4SG | _SL 4SL
E, =0c""A" +0°" A (6b)

where LG denotes the liquid-gas interface, LL* denotes the
interface between L and another liquid phase L* and LG denotes
the liquid -solid interface. The spatial schematic diagram of mul-
tiple interfaces is shown in Figure 1.

It is evident that the estimation of the interface area A is a
crucial factor. In most SPH-based methods, the gradient of the
color function is typically used to calculate the interface area [19,
26]. However, this approach introduces second-order derivatives
when deriving forces, which exhibit high sensitivity to the parti-
cle distribution and severely affect the numerical accuracy. Probst
and Teschner [7] proposed a method for computing the interface
area based on the estimation of the SPH basic kernel, which is
notably simpler and free of first-order derivatives. The main idea
is to approximate the volume fraction of particles from different
phases within the neighborhood as the surface area fraction of the
corresponding interface around the particle. Firstly, we estimate
the interface contribution C from all different phases within the
support domain of particle i, which can be calculated as:

CHE = Z VoW, (72)
jEL*
cHs =Y v,w, (7b)
b
CHo=1-YV'W, - Y V,W, (7¢)
J b

Solid

Interface diagram in multiphase environment. As long

FIGURE1 |
as different phases of matter come into contact, an interface will exist and
store energy.
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The SPH method rarely directly models gas particles. However,
based on the normalization property of the kernel function, the
contribution of the gas phase within the support domain can be
calculated by subtracting the contributions of all neighboring par-
ticles from 1, as shown in Equation (7c). Taking into account
non-homogeneous sampling of solids, we replaced the solid rest
volume Vb0 in [7] with the resampled volume V), calculated by
Equation (2) to generate a more precise estimate. Similarly, the
interface contributions on a solid particle can be calculated as
follows:

SL _ 0
ct= ZVL W, (8a)
7,

SG _
Cl=1= YV, Wy = DV Wiy, (8b)
f

bl J

where f; denotes a fluid neighbor and b; denotes a solid neighbor.

To avoid discontinuity of gradients and negative value, the
contribution C is typically transformed into a continuous and
non-negative function C,, which can be expressed as:

C, = max(—¢ + 1/C? + £2,0) ©)

where & is a coefficient that determines the threshold for the
original C;. In our experimental practice, we set the parameter
£ to0 0.1. This modification significantly improves the precision of
interfacial region identification while effectively minimizing the
misclassification of bulk-phase particles as interface particles.

Similar to volume discretization, each particle can be conceptu-
alized as possessing a finite surface area, which is partitioned
by interfacial regions with surrounding materials. Therefore, the
volumetric weightings of different phases in the particle support
domain equivalently represent their interface area weightings.
With the contribution function of a specific interface, the respec-
tive interface area can be computed as the product of the function
and the particle’s rest surface area:

A=A,C (10)

where A, denotes the rest surface area of a particle, which is
determined as %dg. With the quantification of all interface areas,
the aggregate interface energy of the system can be computed via
integration over all defined interface energy density functions.

4.2 | Energy Diffusion-Driven Tension

The target is to minimize the energy function while achieving the
tension effects and preserving the dynamic behavior. We adopt
an energy diffusion-based strategy that iteratively displaces parti-
cles from regions of high-energy density to regions of low-energy
density.

Inspired by the projective dynamics framework [13], our free
energy minimization scheme explicitly incorporates a regulariza-
tion term, which serves a role similar to that of the momentum
potential. Consequently, the objective energy function to be min-
imized is formulated as:

k)12

sizl—”X”_xl'” +E, (11)
2 d?

where d,, is the particle sampling distance, X is the original posi-
tion in current time step, E; is the total interface energy on par-
ticle i. The first term on the right-hand side of Equation (11)
requires us to achieve a balance between inertia and tension,
thereby preventing instability induced by excessive particle dis-
placement from their original positions.

Particle shifting is a commonly used particle regularization
method in SPH [27]. It follows Fick’s law of diffusion to shift
particles from high-concentration regions to low-concentration
regions, preventing excessive particle clustering. He et al. [28]
applied this approach to the optimization of Helmholtz free
energy, and following this, we also utilize it in the context of our
energy function. The displacement of the particle i can be calcu-
lated as follows:

AXx; = —nV,e 12)

where 7 denotes the diffusion coefficient which is used to limit
the displacement of particles and mitigate artifacts such as exces-
sive shifting and unphysical jumps. The term V,e can be com-
puted as the derivative of the energy function ¢; with respect to
position x;:

s

i i

Ve=
dg

1

+V,E (13)

Accroding to Equation (6a) to Equation (10), and V,E can be
expressed as follows:

V.E =V, (c"9A") + V(6" AM) + V([P A®)
+V,(6°FA%H) + V(659 4%9) (14)

In addition to taking the derivative of the interface area, to
address scenarios with non-constant tension coefficients, it is
also necessary to differentiate . In conventional CSF-based ten-
sion models, the derived force is a normal force directed toward
the fluid interior, which fails to capture such interfacial trac-
tion caused by variable tension coefficients. In contrast, our
model inherently characterizes it, as it is fundamentally driven
by energy minimization.

Since C is a function of C, we formally define its partial derivative
with respect to C as the operator H, which can be expressed as
follows:

0 ¢ = max(C, 0)

oc” T Jore

Consequently, the interface energy can be discretized through a
variant of SPH derivative operator [29] into the following formu-
lation:

H 15)

V,E = _AOVQZ(U,-LGHi + O'jLGHj)VVV,-j
J

= Ay D Vo FOH, + Voo SO Hy) VW,
b

+ AgVo Y (0 H + ofE H)VW,
JEL

+ Ao ) (Voo Hy + Voo L H) VW, (16)
b
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FIGURE2 |
primarily influenced by neighboring particles that are close to the inter-
face, and their behavior is more significantly affected by regions with high

Tension effect with spatial gradients. The particles are

surface tension.

It can be observed that only particles adjacent to the inter-
face exhibit pronounced H values. Therefore, according to
Equation (16), the contribution arises only from particles at the
interface. This behavior is consistent with macroscopic physical
descriptions and eliminates the need to compute the interfacial
spatial gradient of ¢ [12]. Figure 2 illustrates the effect of our
computation.

We revisit the diffusion coefficient # in Equation (12), whose
value must ensure that the particle displacement in a single iter-
ation does not become excessively large. To this end, we set an
upper bound d, on the displacement per iteration, and thus #
must satisfy the following condition:

nlIVell < d, 17)
By noting that

i
2
dO

lIx; — x|

1
IVell < HIVOEI < = + 20 4p[IVo(D)Il - (18)
0

where ||V,E|l is a reference value that represents the upper
bound of ||VE||, o, is the upper limit of ¢, and [|V(1)|| is the
upper limit of || V(1)|| which can be computed analytically. There-
fore, we define # as:

do

= 1dy + 200 A0 1Vo (L] (19)

n

5 | Implementation

Within SPH frameworks, the precision of kernel estimation is
critically dependent on the number of particles within the sup-
port domain. This dependency becomes especially significant in

surface tension calculations, where the absence of sufficient par-
ticles near the interface severely degrades computational accu-
racy. To address this issue, we adopted an enlarged support radius
for tension calculation, which is determined as 4% = 3d,,.

Although we treat the tension coefficient as a variable, the under-
lying determinants governing its parametric variation remain
undefined. Factors such as liquid concentration and temperature
can affect the magnitude of the tension coefficient. Considering
computational complexity, our iterative solution scheme does not
update the tension coefficient at every iteration step, but rather
maintains it as an independent process.

For the implementation of the whole fluid system, we adopt an
operator splitting strategy, where surface tension, viscous forces,
external forces, and pressure are sequentially solved. To enforce
fluid incompressibility, we developed a pressure solver based
on IISPH [30], which was subsequently adapted for multiphase
flow simulation [31]. Solids are also discretized by particles, and
we use the method proposed by Band et al. [32] for fluid-solid
coupling. The simulation process in a time step is shown in
Algorithm 1.

ALGORITHM1 | Simulation loop.

: Neighbor searching with two support radius h and h*
for all solid particles b do
Compute volume V, > Equation (2)
: end for
X" <X > Store original positions
: end for
do

for all fluid particles i do

: while iter < iter,,,

1
2
3
4
5: for all fluid particles i do
6
7
8
9
1

0: Compute C; for all interfaces P> Equation (7a)
to Equation (7c¢)

11: Compute H; = %C’[ > Equation (15)

12: end for

13: for all solid particles b do

14: Compute C, for all interfaces > Equation (8a)
to Equation (8b)

15: Compute H, = %C‘h > Equation (15)

16: end for

17: for all particles i do

18: Compute Ve > Equation (13) and Equation (16)

19: Shift particles x,— =1,V

20: end for

21: iter = iter + 1

22: end while
23: Update tension coefficient
24: Solve other forces with IISPH 30

6 | Results

We implemented our method with C++ and parallelized the
algorithm with CUDA. All simulations were performed on an
Intel Core i7-12700H CPU and an Nvidia GeForce RTX 3070
Ti Laptop GPU. We used the technique proposed by Bottcher
et al. [33] for surface reconstruction, Houdini and Mantra for
ray tracing rendering. Table 1 shows the performance of selected
examples.
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TABLE1 | Performance of selected examples.
Example Particle num Iters/step Avg. time (s/frame)
Figure 3 coalescence and oscillation 240 k 15 18.5
Figure 5 droplet impact (¢-¢ = 5000) 65k 20 8.7
Figure 6 contact angle (¢ = 180°) 65k 15 6.9
Figure 7 capillary (hydrophilic) 387k 10 14.8
Figure 8 marangoni effect 242k 5 11.4

Note: For all examples, the frame per second (FPS) is set to 60.

(b) Ours.

FIGURE3 |

Two liquid blocks coalesce and oscillate in zero-gravity environment. Simulation results of He et al.’s method [19] have obvious undu-

lations on the surface, while the surface simulated by our method maintains smoothness and forms a perfect sphere. Frames 1, 10, 70, 140, and 350 are

shown from left to right.

(a) He et al.

FIGURE4 |
velocity. Frames 10 and 350 are shown.

6.1 | Coalescence and Oscillation

We conducted a coalescence and oscillation experiment with
dual cubic water coalesces to assess the numerical accuracy and
stability of our methodology. Initialized in a zero-gravity environ-
ment, the system demonstrated progressive fluidic deformation
leading to complete coalescence, followed by damped oscillations
converging to hydrostatic equilibrium. The side length of a cube
is set to 0.3 m, and we set a large tension coefficient ¢-¢ = 1000.

(b) Ours.

Schematic of particle view with velocity magnitude color-coding, where white denotes higher velocity values and blue indicates lower

We conducted a comparative analysis between our method and
the energy-based approach proposed by He et al. [19], with both
employing the same support radius. The results are shown in
Figure 3. It can be observed that the method proposed by He
et al. [19] successfully achieves coalescence into a spherical form,
yet the resultant surface exhibits noticeable depressions and
intensified undulations. In contrast, our simulation methodology
maintains surface smoothness throughout the process, ultimately
forming a geometrically perfect sphere. Figure 4 shows the veloc-
ity magnitudes of surface particles at the beginning and final
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(a) ¢ = 5000.

(d) oL = 1.

FIGURES5 |

stages of the simulation. As illustrated in Figure 4a, the extremely
uneven velocity of surface particles indicates significant instabil-
ity in He’s method under this configuration. To compare with,
Figure 4b shows a smooth velocity magnitude distribution with
our method.

6.2 | Droplet Impact

In this scenario, a spherical droplet with a diameter of 0.15 m is
placed in a rectangular hydrophobic container (height: 3 m, base:

Scene of large droplets with different tension coefficients at liquid - gas interface falling from the same height and impacting the ground.
The physical times from left to right are 0.16,0.36, and 1.00 s, respectively.

1m X 1 m), subjecting it to free fall from a height of 2.5 m. When
the tension coefficients of the liquid - gas interfaces o - differ, the
droplet exhibited distinct behaviors after impacting the container.
The results, displayed starting from the frame immediately after
the droplet impacted the base, are presented in Figure 5.

In this scenario, surface tension coefficients ranging from 1 to
5000 are simulated. It can be observed that our model demon-
strates robust capability in accommodating tension coefficients
spanning multiple orders of magnitude while maintaining simu-
lation stability under such an extremely intense scenario.
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FIGUREG6 |

Simulation of different contact angles. Contact angles of approximately 60°, 90°, 120°, and 180° are simulated respectively.

(a) Hydrophilic test tubes.

FIGURE7 |

(b) Hydrophobic test tubes.

Scene of the capillary effect in test tubes. Under capillary action, hydrophilic tubes exhibit increasing water column height with decreas-

ing tube diameter, whereas the hydrophobic tubes demonstrate suppressed liquid column formation, showing reduced water column height as tube

diameter diminishes.

6.3 | Contact Angle

The contact angle 6 is the angle formed at the interface where a
liquid meets a solid surface, measured through the liquid phase.
It quantifies a liquid’s wettability on a solid. Young’s equation [34]
describes the force balance at the three-phase (solid-liquid - gas)
contact line:

659 = 65t + 61%0s50 (20)

In contrast to Chen et al.’s method [23], our model enables direct
customization of contact angles through Young’s equation, elimi-
nating the necessity for parametric omission. In this scenario, we
set up a spherical water block with a diameter of 0.12 m near the
ground, which gradually stabilized after a brief oscillation. The
tension coefficient of the liquid-gas interface is set at 5000, and
the tension coefficients of the ground material are determined
using Young’s equation with preset contact angles: 60°, 90°, 120°,

and 180°. Figure 6 presents the results of the experiment, where
it is evident that the simulated contact angle closely matches the
preset value.

6.4 | Capillary Effect

Capillary effect is the ability of a liquid to flow in narrow spaces
or tubes driven by interface forces, often against gravity. When
a liquid adheres strongly to a tube’s material, it climbs upward,
forming a concave meniscus. In contrast, if the liquid -gas inter-
face dominates, the liquid is depressed, creating a convex menis-
cus. Our model naturally captures this behavior with the unified
interface energy description.

As shown in Figure 7, four test tubes with varying diameters
are inserted into the water surface. We set ¢2¢ to 1. Figure 7a

8of11
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FIGURES8 |

A classic case of the Marangoni effect. The surface tension in the center of the pool is reduced by surfactant. The spatial gradients of

tension drive the small debris on the surface to move to the walls of the container. Frames 0, 10, 20, and 40 are shown in this figure.

illustrates the experimental results for hydrophilic test tubes with
651 =0 and 5% = 2. In order to reduce interface energy, the
water column in test tubes rises against gravity to cover more
liquid-gas interface area. Under the influence of gravity, nar-
rower test tubes enable the liquid column to climb to higher
heights. In Figure 7b the tension coefficients are set to 5 = 2
and ¢5¢ = 0. The liquid column is pushed, forming a convex
meniscus.

6.5 | Marangoni Effect

We demonstrate the tension gradients driven flow by simulating
how soap reduces the surface tension of water which is a classic
case of the Marangoni effect. For simplicity, we designate a subset
of the SPH particles at the surface of a shallow water pool to serve
as proxies for debris, and initialize a region at the center of the
pool as the soap area. The surrounding water gradually becomes
influenced by the soap region. Here, we implement a simple con-
centration diffusion model to simulate the spread of soapy water,
where the surface tension coefficient decreases linearly with the
soap concentration. The coefficient ¢ of pure water is set to 10,
and the minimum is set to 0.5.

Due to the spatial gradient in surface tension along the inter-
face, particles spontaneously flow from regions of lower surface
tension to regions of higher surface tension. As illustrated in
Figure 8, the marked particles on the liquid surface rapidly diffuse

from the center driven by spatial gradients of tension. This indi-
cates that our model has successfully captured this phenomenon.

7 | Conclusion

In this paper, we propose a tension model based on the inter-
face energy for particle-based fluid simulation. The energy den-
sity function is minimized via an energy diffusion-driven par-
ticle displacement scheme in several iterations, which holisti-
cally balances inertia and interface energy. This method demon-
strates computational efficiency while capturing versatile inter-
facial phenomena, including high surface tension coefficients,
hydrophilic/hydrophobic effects, capillary, and more. Crucially,
our formulation inherently incorporates spatial gradients of sur-
face tension coefficients, a factor frequently overlooked in prior
tension modeling techniques. Our unified derivation enables
spontaneous simulations of the Marangoni effect, where parti-
cles migrate along interfaces under tension differentials without
requiring explicit interfacial spatial gradient computations [12].

Nevertheless, our work still has many limitations. First, following
the recommendation of Yang et al. [6], we increased the sup-
port radius during surface tension computation, which signifi-
cantly increased the computational cost. A more advanced inter-
face estimation method could potentially alleviate this depen-
dency. Furthermore, while our energy diffusion method has
achieved promising results, it remains constrained by the time
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step and lacks momentum conservation. A more rigorous implicit
energy optimization framework is needed to address these issues.
Finally, the development of a unified solver framework presents
an intriguing research frontier, particularly given its demon-
strated advantages in related works [24]. We aspire to integrate
other fluid phenomena and fluid-solid two-way coupling within
a unified energy-based framework.
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